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Abstract

The boundary layer unsteady flow along a continuously stretching cylinder
immersed in a viscous and incompressible fluid is studied. A variable thermal conductivity
is considered. The governing partial boundary layer equations in cylindrical form are first
transformed into ordinary differential equations These equations are solved analytically
using the optimal modifiedHomotopyAsymptotic method in order to get a closed form
solution for the dimensionless functions f, and 0.
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1. Introduction

The boundary layer flow and heat transfer of stretching flat plates or cylinders are very important in
fiber technology and extrusion processes. The production of sheeting material arises in a number of
industrial manufacturing processes and includes both metal and polymer sheets. We have many
applications such as the cooling of an infinite metallic plate in a cooling bath, the boundary layer along
material handling conveyers, the aerodynamic extrusion of plastic sheets, the boundary layer along a
liquid film in condensation processes, paper production, glass blowing, metal spinning, drawing plastic
films, and polymer extrusion. The quality of the final product depends on the rate of heat transfer at the
stretching surface .Sakiadis [1]was the first to consider the boundary layer flow on a moving
continuous solid surface. Crane [2] extended this concept to a stretching sheet with linearly varying
surface speed and presented an exact analytical solution for the steady two-dimensional stretching of a
surface in a quiescent fluid. Then many authors considered various aspects of this problem and
obtained similarity solutions .A similarity solution is one in which the number of independent variables
is reduced by at least one, usually by a coordinate transformation. The idea is analogous to dimensional
analysis, but instead of parameters the coordinates (themselves are collapsed into dimensionless groups
that scale the velocities (White, [15]). The boundary layer flow due to a stretching surface in a
quiescent viscous and incompressible fluid when the buoyancy forces are taken into consideration have
been considered by Daskalakis [8], Chen [11,12], Lin and Chen [10], Ali [13], Partha et al.[14], and
Ishak et al. [5,8]. Lin and Shih [3,4], considered the boundary layer and heat transfer along horizontally
and vertically moving cylinders with constant velocity and found that the similarity solutions could not
be obtained due to the curvature effect of the cylinder . The case of stretching sheet is studied by
Grubka and Bobba [5] and Ali [9], this work is extended by Ishak and Nazzar [23], to the case of
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stretching cylinder . In this study we consider a stretching cylinder in an unsteady flow with variable
thermal conductivity, and have been solved analytically.

2. Formulation of the Problem

Consider an unsteady, laminar, incompressible, and viscous flow on a continuous stretching cylinder as
in figure (1).It is assumed that the stretching velocity U(x)= (a x) \ (1-y¢), the surface temperature Ty(X)
= (b x) \ (1-yf),where a, b, and y are constants and the thermal conductivity o< =o<_ (14+(0). The x-
axis and y- axis are taken as shown in fig (1).The conservation equations for this case are:-

Figure 1: Physical Problem
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Where u and vare velocity components in the x andy directions, respectively, T is the fluid
temperature and a is the thermal diffusivity.The continuity equation can be satisfied by introducing a
stream function v, such that

10 10 ) .
:_B_\V and v:—a—w . The momentum and energy equations can be transformed into the
r ar r X

corresponding ordinary differential equations by the following transformations (Mahmoud and merkin
[6],Ishak [20] ) :-

u

r’—R? [U(x T-T
n= ®) W =RyUGIvx (80 == )
2R VX T,-T,
The transformed ordinary differential equations are:-
f'//(1+2p77)+2ﬁ‘/'+ﬁ'l_f/2_£f/_§gf//:0 (6)

0"(1+2om) +2p 0" + L1 +2pn) "0+ 0% +(2p0 0+p, fO -p, f' O
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Where (p;) = (V\a_, ) is the prandtl number

Subjected to the boundary conditions:-

f(0)=0, f '(0)=1, 6(0)=1,

f'(0) > 0,0(0) >0 (8)

Where primes denotes differentiation with respect to 77, and p denotes the curvature parameter
defined as :-

_ [vd=vv
P= aR’ ®

The physical quantities of interest are the skin friction coefficient Cr and the local Nusselt
number Nuy, which are defined as :-

T w xq w

Cf = 2y VU, = ’
o pU\2 kT, -T.)
Where the surface shear stress 7, and the surface heat flux qy are given by :

oT
)k 11
5, )rr (1D

With 4 and k being the dynamic viscosity and the thermal conductivity, respectively .Using the
similarity variables (5) we get :-

%Cf.Rei\z = f"(0), Nu\Re!?>=-6'(0), (12)

(10)

d
z-w = lu(au)r:R qu = _k(
r

Where Re,=Ux\v is the local Reynolds number.

3. Optimal Homotopy Asymptotic Method(OHAM)
Consider a differential equation in the form:

L(u(t)) + N(u(t)) + g(t) =0, B(u) =0 (13)

Where L is a linear operator, t denotes an independent variable, u(t) is an unknown function,
g(t) is a known function, N(u (t)) is a nonlinear operator and B is a boundary operator. By means of
OHAM a family of equations is constructed:

(1 - pIL(F(t,p)) + (O] - Hp)IL(F(t,p)) + (1) + N(F(t,p)) = 0, B(F(t,p)) =0 (14)
where p € [0,1] is an embedding parameter, H (p) is a nonzero auxiliary function for p # 0 and
H(0)=0, F(t,p) is an unknown function. Obviously, when p = 0, and p = 1, we have::

F (t,0) = uo (1), F(t, 1) = u(t) (15)

Then, as p increases from 0 to 1, the solution F (t, p) varies from ug (¢) to the solution u (t),
where u (7) is obtained from (14) for p=0 :

L(uo (1))+g()=0, B (ug) =0 (16)
The auxiliary function is chosen in the form;

H (p)=p Cl+p* C2 +..... (17)
Where C1, C2,...... are constants which can be determined later.

Expanding F(t,p) in a series with respect to p, we get:
F(1,p,C))=uy(t)+ D, u,(1,C)p"

k=1
i=1,2,..... (18)
Substituting (18) in (14),collecting the same powers of p, and equating each coefficient of p to
zero, we obtain a set of differential equations with boundary conditions. Solving differential equations
with boundary conditions
up (t), uy (t,C1),uy (t,C2),... ... .. is obtained . Generally the solution of (13) can be determined
in the form;
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w™ =u, )+ u (1,C,) (19)
Substituting (19) in (13) we get the following residual:

Rt,C)=L ™™ (1,C)) + g (1) + Nu™™ (1,C)) (20)

If R(7,C)=0 then u™™ (¢,C;) is much closed to the exact solution to minimizing the occurred
error for nonlinear problem, let;

(Ci.Carvv oo Co) = j” Rt Cp. Cor oo o ) ¢, dt @1)

a

Where a and b are values depending on the given problem. The unknown constants C; (i = 1, 2,
.., m) can be determined from the conditions:

a_J:a_J:...:() (22)
dc, dc,

With these known constants, the approximate solution (of order m) (19) is well determined.

4. Solution using OHAM
Applying (14) into (8),(9) and (10) we get:

(l—p)[f'+f]—Hl(p)[f"'(1+2p77)+2pf"+ff'—fz—yf—ygf'—f”—f]=0

(1=pNO0+0"1-H,(p)0"(1+2pn) +2

p0 +pr(fO0 —fO)+A0O+60)-0 -0]=0 (23)
Where primes denote differentiation with respect to 1.

Since the first two equations in (23) are identical, then we take f,g, ¢, H; H, and Hs as

following :
f=h+pfi+p'f
0=0,+pb,+ p°0,,
H,(p)=pC+p’C,,
H,(p)=pC+p°C,,
Collecting same powers of p and solving the resulted set of differential equations we obtain;

(24)

f=1-em —icle'" (—=2A +2Ae" —2AN+ AN’ +41°p) + 9—16 e (24 Acl’

+48 Acle" —240 Acl’e" —24 A’cl’e" + 48 c2e"A —48 cle™A
+216cl’e™A+24 A’cl’e™ —48 c2e™A +48 cle"An
—192cl’e"An+48c2e"An—24cl’e"A2" - 24 cle"An’
+48cl’e"An’ —24 c2e"An’ —12cl’e"A’n’ +20cl’e"A’n’
—3cl’e"A'n* +96cl’p—384cl’e"p+288cl’e®p—192 cl’np
—96¢cle™’p+192cl’e™’p—96 c2e™’p—96¢cl*e"An’p
+144cl’e"An’p—24 cl’e"An*p—192 cl’e"n’p’
+256c’e'n’p> —48 c’e'n*p?)

Gze’”+ic3e’2”(4e11 n—4e"prn+Ae'prn’ —8¢ +8e"¢ —8e™Mp+

4" 1]2p—8<fp+8€”Cp—161](p)+9—16?311
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96 c3%e"pr—96 c3’e”"pr—96 c3’e"pr’ —48 A

c3’e"pr’ +96 c3%e™pr’ + 48 Ac3 e pr’ +96 c3e”™m —288c3% e’ +

96 c4e™n—48 A clc3e"prn—96.c3e™ prm —96 Ac3e™ prn+

48 Aclc3e’"prn + 384 c3’e*"prm + 336 A ¢32 e21 — prn — 96 c4e2nprt —

96 Acde’” prm + 48 Ac3’e"prin — 96 c3%e>pr’n — 96 Ac3’e>prn +

48c3% e’

+24 Ac3e™prn®—96c3’e™ prn® —192 Ac3’e™ prn’ +24 Acde™ prn’ +
48c3%e™pr’n’ +144 A ¢3% " prin® +72 A%c3% e pr’n’ + 24 A c3%e™prn’ —

24 Ac3’e™pr'n’ =32 A3’ e™pr’ n’ +3A%c3% e pr’ nt =192 ¢’ +

960 ¢3°e"{ —192—c4 e"{+192c3e”"L —960 c3*e"L +192 c4 ™ +96 ¢3” pr{ —

384 c3%e"prl — 48 Ac3?e"C + 288 c3% e + 48 A ¢32™ — 384

c3’eM{ +192c3%e* ML +384c3% e"prnl+576 A c3*e"prnl -

192c3%e prnl—192 A c3’e™ prnl—96 A c3’e"prn’C +48 A c3’e"prn’ + -96
864 c3°(* —786¢c3%e"(’

c3’e™*—192clc3eprp+192clc3e™ prp—192c3e™ np+

960c3” ™ np-192cde™ np-192clc3e prnp+192c3e™ prop- 496

384 c3 e prnp-192A c3’e” prnp
c3e™ N’p—672c3% ™ p+96cde™ n'p+480c3’ e prn ’ p+528 A

c3’e™prn’p+96c3’e™ N’p—96 3 e™ prn’p —240 Ac3’e™ prn’ p+24A

c3” e prn*p—192c3e"pl +960 c3°e" pL —192c4e" pL +192 c3e™ pL —960c3”
e”"pl+192 c4e™pl —192 c3%e"pr pL +384 A c3%e" prpL +192 c3°e™ pr p{ —384 Ac3’
e™pr p{ —384 c3e™ pl +3840 c3%e" p —384 c4e™pl —192c3% ™ prnpl +192 c3°
prnpl —384 c3%e"prnpl +384 A c3°e"prnpl —192 c3% ™ prmpl —192 Ac3’

eprnpl —1152c3%e"’pL +192 c3°e”™ N’ pl + 768 c3*e"pr n°pl +1056 A ¢3
e"pr’pl +48 Ac3’e? 'prn’pl —192 Ac32epr n°pl + 864 ¢32(2p —1536 c3%enl’p
+672c3% NP +3456 ¢33 p —1536 c32e™M{*p — 384 c3%e*Mp? +960 37> 'Mp? -
448 c3%e™M’p* +48c3%e’ M p” +2688 c3’e™Np” +2304 c3’ e p’ —384
c3’ e’ MEp’ +4224c3%e™’p’ +192¢3% e’ M Lp’ —768c3% e Lp’ + 67232 p” — 768
c3%e"’p’ +96c3% ™ *p” +1728c3° N p” —1563c3% e ’p” +3456¢3° 1 p’

Where: A =7
a

S. Results
Computations have been carried out for various values of the dynamic parameter (y),the curvature
parameter (p), the thermal conductivity ({) and the Prandtl number (pr).

Results for the skin friction f"(0) are computed for various values of the dynamic parameter (y)
and the curvature parameter (p) in Table (1).
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Table 1:  Variation of f "(0) for a various values of (p) at various values of (y)
Y p=10 2 =05 e =1
0.0 -1.00000 -1.24337 -1.37109
0.5 -1.17232 -1.38097 -1.4701
1.0 -1.32095 -1.49819 -1.55552

Results for the temperature surface gradient -6'(0) are computed for various
dynamic parameters (y), (A), Prandtl number (Pr), the thermal conductivity ({) and

parameter (p) in Tables (2) and (3).

values of the
the curvature

Table 2:  Variation of - 8' (0) for a various values of p, A, { and y for pr =1
pr Y p g -0' (0
1 0 0 0.6 -0.92740
1 0 0 0.8 -0.86814
1 0 0 1 -0.59761
1 0 0.5 0.6 -1.13285
1 0 0.5 0.8 -1.01457
1 0 0.5 1 -0.96364
1 0 1 0.6 -1.90002
1 0 1 0.8 -1.4365
1 0 1 1 -1.24945
1 1 0 0.6 -1.22661
1 1 0 0.8 -1.0716
1 1 0 1 -0.839173
1 1 0.5 0.6 -1.45692
1 1 0.5 0.8 -1.19302
1 1 0.5 1 -1.03376
1 1 1 0.6 -2.25124
1 1 1 0.8 -1.70575
1 1 1 1 -1.07037
Table 3:  Variation of - 8' (0) for a various values of p, A, { and y for pr =2
pr Y P g -0'(0)
2 0 0 0.6 -1.04767
2 0 0 0.8 -0.954924
2 0 0 1 -0.926166
2 0 0.5 0.6 -1.60857
2 0 0.5 0.8 -1.28896
2 0 0.5 1 -1.12618
2 0 1 0.6 -2.49076
2 0 1 0.8 -1.811
2 0 1 1 -1.70336
2 1 0 0.6 -1.29859
2 1 0 0.8 -1.12015
2 1 0 1 -0.971603
2 1 0.5 0.6 -1.87621
2 1 0.5 0.8 -1.43535
2 1 0.5 1 -1.2801
2 1 1 0.6 -2.6365
2 1 1 0.8 -2.08042
2 1 1 1 -0.885375
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The variation of the transverse velocity (f) with the dimensionless variable (1) for different
values of the dynamic parameter (y) and the curvature parameter (p)is shown in figures (2-4). The
variation of the horizontal velocity (f ') with the dimensionless variable (1) for different values of the
dynamic parameter (y) and the curvature parameter (p)is shown in figures (5-7). The variation of
temperature 6(n) with the dimensionless variable () for different values of the dynamic parameters (),
(A), the prandtl number (Pr), the thermal conductivity ({) and the curvature parameter (p)is shown in
figures (8-15).

Figure 2: Variation of the transverse velocity (f) for different values of p=0, 0.5, 1 aty=0, A=0
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Figure 3: Variation of the transverse velocity (f) for different values of p=0, 0.5, 1 at y=0.5, A=
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Figure 4: Variation of the transverse velocity (f) for different values of p=0,0.5, 1 aty=1, A=1
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Figure S: Variation of the horisontal velocity (f*) for different values of p=0, 0.5, 1 aty=0, A=0
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Figure 6: Variation of the horisontal velocity (f*) for different values of p=0, 0.5, 1 aty=0.5, A=0.5
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Figure 7: Variation of the horisontal velocity (f”) for different values of p=0,0.5, laty=1,A=1
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Figure 10: Variation of the temperature (0 ) for different values of p=0, 0.5, laty=1,A=1,&=0, pr=1
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Figure 11: Variation of the temperature (6 ) for different values of p=0, 0.5, 1 aty=1,A=1,E=0.2, pr=1
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Figure 12: Variation of the temperature (6 ) for different values of p=0, 0.5, 1 aty=0, A=0,&=0.1, pr =1
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Figure 13:

Figure 14:

Figure 15:
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Variation of the temperature (8 ) for different values of p=10, 0.5, 1 at y=0, A=0, &= 0.1, pr
=2

Variation of the temperature (6 ) for different values of p=0, 0.5, 1 aty=1,A=1,&=0.1, pr =1

Variation of the temperature (6 ) for different values of p=0, 0.5, 1 aty=1, A=1,&=0.1, pr =2
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6. Discussions

The influence of thedynamic parameters (y (A), the curvature parameter (p), the thermal conductivity
(€) and the Prandtl number (Pr) on the dimensionless velocities (f),(f '), the skin friction coefficient f
"(0), the heat surface gradient - 6'(0) and the dimensionless heat () are shown in tables (1,2) and
figures (2-15) .

Table (1) shows that the skin friction coefficient f "(0) for all values of p and 7y is negative
which means the surface exerts a drag force on the fluid. Since equations (6) and (7) are uncouppled,
then the Prandtl number does not affect on f "(0). The absolute values of f "(0) for all values of yand
pare greater than the values of f "(0) when p = 0, which means the skin friction coefficient for the
cylinder is greater than the plate.Also it is noticed that the skin friction f "[0] increases as the curvature
parameter (p) increases for all values of the dynamic parameter (Yand then the skin friction decreases
as the curvature parameter (p) increases for all values of the dynamic parameter (?Table(Z, 3) show the
heat transfer rate — 0'(0) increases as the curvature parameter (p) increases which means also the heat
transfer rate at the surface for cylinder is greater than the heat transfer rate at the surface for the plate.
The heat transfer rate — 0'(0) increases as the dynamic parameter (Yyincreases . The heat transfer rate —
0'(0) decreases as the thermal conductivity () increases . Figures (2-4) show the transverse velocity
profiles for various values of the curvature parameter (p), Figures (5-7) show the horisontal velocity
profiles for various values of the curvature parameter (p). Figures (6-15) show the heat (0) profiles for
various values of the curvature parameter (p), the thermal conductivity ({) and the Prandtl number (Pr),
it is clear that the heat increases as the curvature parameter increases for various values of the dynamic
parameter (YFinally figures (2-15) show the satisfaction of initial boundary conditions which support
the validity of the solution.

Conclusion
Optimal Homotopy Analysis Method has been applied to study the effects of the dynamic parameters
() and (A),the curvature parameter (p), the thermal conductivity ({) and the prandtl number (pr) on the
velocity and the heat of the boundary layer unsteady flow. It is found:-
1. Closed form solutions for (f) and (0) are obtained.
2. It is found that there are considerable effects for these parameters on the velocity and
temperature.
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